Two-layer Bethe lattice whose lattice sites are occupied with spin-3/2 atoms is solved exactly by using the recursion relations in a pairwise approach for given coordination numbers q = 3, 4 and 6 with equal external magnetic fields acting on the layers. The ferromagnetic (FM) and antiferromagnetic (AFM) interactions for the spins of the upper and lower layers, respectively, and either FM or AFM type interactions between the adjacent spins of the layers are assumed. The phase diagrams of the model are studied on different planes for given system parameters by obtaining the ground state (GS) phase diagrams and the thermal variations of the order parameters and the response functions, i. e. the susceptibility and the specific heat, in detail. It was found that the model presents both second-and first-order phase transitions. The reentrant behavior is seen when the model presents two Néel temperatures for higher q values. The existence of the tricritical point and critical end points is also confirmed.
Introduction
The spin-3/2 Ising model with only bilinear and biquadratic exchange interactions was introduced earlier [1] to explain phase transitions in DyVO 4 and its phase diagram was obtained by the use of the mean-field approximation (MFA). Another model was introduced later on to study tricritical properties in ternary fluid mixtures (ethanol-water-carbon-dioxide) that was also solved in the MFA [2] . Since then the spin-3/2 model was studied by many approximate techniques and it was found that its phase diagrams are much richer in comparison with the lower spin systems, i. e. spin-1/2 and 1.
In the recent years, in addition to one layer models, the study of magnetic thin films consisting of various magnetic layered structures or superlattices has received intense attention for both theoretical and experimental reasons. Especially the bilayer ones have attracted a great deal of interest with FM/FM, AFM/AFM or FM/AFM type intralayer and either FM or AFM type interlayer interactions. These materials present some interesting novel magnetic properties such as giant magnetoresistance [3] , surface magnetic anisotropy [4] , enhanced surface magnetic moment [5] and surface magnetoelastic coupling [6] , etc. Thus, there is a high potential for technological advances in information storage and retrieval and in synthesis of new magnets for a variety of applications.
Even though the multilayer structures containing spin-1/2 or spin-1 have attracted a great deal of interest, the multilayered spin-3/2 models have not received enough attention, i. e. we could only report a few works; the two-layered model with competing interactions was studied by using the interfacial approximation on a square lattice [7] , a bilayer Bethe lattice with FM/FM interactions by the use of the recursion relations [8] and on a model with the periodical arrangement of one layer with spin-1/2 and the other layer with spin-3/2 were examined by the use of the effective field theory [9] . We should note that the external magnetic field and bilinear interaction parameter are always in competition for the AFM systems, i. e. the spins in a nearest-neighbor (NN) pair for the AFM system are aligned oppositely but the external magnetic field tries to align them parallelly.
configurations and its phase diagrams are given in section 3. The thermal variations of the orderparameters and the response functions are presented in section 4. The illustrations of the phase diagrams are given in section 5. Finally, a brief summary and conclusions were given in the last section.
Two-layer Bethe lattice and exact formulations
The spin-3/2 two-layer model is simulated on a Bethe lattice and a pairwise approach is employed for its investigation. In this approach one picks an adjacent NN spin pair from deep inside the two layer lattice, referred to as the central pair, which forms the first-generation spins. This central pair of spins is connected to q NN spin pairs (i. e. q is the coordination number) which form the second-generation spins. Each pair of spins in the second-generation is joined to (q-1) NN's. Therefore, in total, the second-generation has q(q-1) NN's which form the third-generation and so on to infinity. As a result each spin has (q + 1) NN spins, q from its own layer and one from the adjacent layer.
The Ising Hamiltonian of such a two-layer Bethe lattice with an external magnetic field linked to the layers may be given as
where S i and σ i are spin-3/2 with the values ±3/2 and ±1/2 and refer to the spins in the upper, G 1 , and lower, G 2 , layers, respectively. J 1 > 0 and J 2 < 0 are the intralayer bilinear interactions of the NN spins of the layers. Thus, the first and second summations are over all NN sites of G 1 and G 2 , respectively. J 3 is the interlayer bilinear interaction of adjacent NN spins between the layers. Therefore, the third summation runs over all the adjacent neighboring sites of G 1 and G 2 . The layers are assumed to be under the effect of external magnetic fields H 1 and H 2 . Therefore, the fourth and final sums run over all the lattice sites in each layer, respectively. Let us come to the formulation with the partition function which is given by the definition as
where P (Spc) is the unnormalized probability distribution, see [28] for its detailed presentation, β = 1/kT is the inverse temperature and k is the Boltzmann constant, and the summation runs over all the spin configurations (Spc). Starting from the central pair of spins on the Bethe lattice made up of q separate branches connecting each pair of spins, one follows only one of the branches of the tree out of q. Therefore, for a full formulation we have to define the partition function for each of these separate branches referred to as g n (S, σ). It should be mentioned that each spin S i and spin σ i with spin-3/2 can take the values ±3/2 and ±1/2. Thus, we have to define sixteen g n (S, σ) functions for 4 2 = 16 configurations for each pair of spins. As a result, we have obtained 15 functions as the ratios of these partition functions of the separate branches on the two layer Bethe lattice as follows:
They are related to each other as follows:
where ∆ refer to the 15 functions given in equation (3) . Thus, each of these functions with n (number of the shells from root to the boundary sites) is a function of itself and the other functions with (n − 1). Therefore, they are totally nonlinear and so they form recursion relations, the explicit expressions of which are too long to be given in here. Their numerical values, therefore, can easily be obtained by using an iteration method for the given system parameters. Meanwhile, the choice of the recursion relations, i. e. the ratios of these g n (S, σ) functions, are completely arbitrary, i.e, this choice does not change the behavior of the system. These recursion relations may not have any physical meaning, but they do reflect the critical behavior of the system as it will be obvious from the behavior of the order-parameters. One can easily express the magnetizations and other thermodynamic quantities in terms of these exact recursion relations. Thus, we can say that in the thermodynamic limit, i. e. n → ∞, these recursion relations determine the states of the system, and they may be refereed to as equations of state.
Magnetizations M 1 and M 2 of the layers G 1 and G 2 , respectively, are the order-parameters and are defined as follows:
where . . . denotes the usual thermal average. Magnetizations M 1 and M 2 are calculated in terms of recursion relations as follows: 
where Z = e β( 
The two response functions are susceptibility and specific heat. Thus, the constant field susceptibilities of the layers G 1 and G 2 are given by the definitions as follows:
and the total susceptibility of the two-layer is just the sum of the susceptibilities
In order to obtain the specific heat, the free energy in terms of recursion relations is needed. Therefore, using the definition of the free energy F = −kT log Z and equations (3) and (8) in the thermodynamic limit as n → ∞, one can obtain an exact expression for the free energy in terms of recursion relations. Thus, after some straightforward mathematical calculations there was found the following:
where 
which is used to find the places of the first-order phase transition temperatures, if any exist, and the stable solutions of the model. As a result, the specific heat at a constant magnetic field is defined as
where H refers to either H 1 or H 2 , and S is the entropy and it may be given in a more suitable form as
where i = 1 or 2, i. e. J i refers to intralayer interaction of the upper or lower layer, respectively, and which is not as simple as it is seen, since it includes the first-and second-partial derivatives of the recursion relations with respect to β = βJ i . Therefore, the explicit equation is too long to be given here. So far we have obtained the formulations for general interactions only, but for the lower layer G 2 we have assumed AFM interactions. Therefore, we have to divide the layer G 2 into sublattices A and B. But for the sake of the formulations, we have to partition the upper layer G 1 into sublattices A and B too in a pairwise approach. Hence, the recursion relations for each layer in terms of the sublattices may be written as follows:
The notable point of this approach is that non-staggered phases are described by the single fixed points {A n , B n , . . . , N n , R n } → {A, B, . . . , N, R}, while the staggered phases appear as two-cycle double points as indicated above.
In addition, the sublattice magnetizations for the layers G 1 and G 2 , since each spin only interacts with its NN's from its own layer and a NN from the adjacent layer with the same sublattice, i. e. A or B, could be written as
The free energies of the sublattices are of the form
and then the specific heat is to be defined accordingly, that is
and finally the susceptibility is given as
The next section is devoted to the obtaining of the GS phase diagrams and to the thermal variations of the order-parameters and response functions.
The ground state phase diagrams
In this section, the GS phase diagrams are calculated in order to determine the stable solutions of the model together with the free energy. Although the GS phase diagrams can only help us at zero temperature, the zero temperature configurations are very important as a starting point in obtaining the temperature dependent phase diagrams.
With the assumption that the layers are linked with equal external magnetic field, i. e. H = H 1 = H 2 , the GS phase diagrams are obtained on the (J i /|J j |, J 3 /q|J j |) planes for the given values of H/q|J j | and on the (H/q|J j |, J 3 /q|J j |) planes for the given J i /|J j | values with i, j = 1 or 2 and i = j. The GS energies are obtained from equation (1) in units of |J k | by rewriting it as:
where k = 1 or 2 and the summation is over all the central plaquette which consists of four NN pairs of the two-layer system with one pair ij from layer G 1 , one pair i j from layer G 2 , and two pairs ii and jj connecting layers G 1 and G 2 between the adjacent spins only. The GS phase diagrams are calculated by comparing the values of the energy for different spin configurations and then the GS configurations are the ones with the lowest energy. The coordination number q
is hidden in the GS energy equations. Thus, they are obtained for general q. We only consider the case with positive values of H/q|J k |, then there is a preferred direction in space. For negative values of H/q|J k | the magnetizations only change the sign due to the symmetry requirements, M (−H) = −M (H). Thus, the following five different types of GS configurations are found for the central plaquette deep inside the two-layer Bethe lattice as: While phase I is the FM phase, phase II is the AFM phase. Phase III is the surface FM phase, i. e. layers G 1 and G 2 are FM and AFM types, respectively. Phase IV is a compensated phase with the layers being FM type but the interactions between them is AFM type. The last one, phase V, is a mixed phase with AFM intralayer interactions and with FM interlayer interactions. Thus, these last two phases are exactly opposite to each other. These are all the distinct types of the GS phase diagrams of the spin-3/2 Ising model and which are to be used as our guide in obtaining the temperature dependent phase diagrams. Our next step is to analyse the order-parameters and the response functions, since the nature of the phase transitions are determined from their thermal behavior.
Thermal variations of the order-parameters and response functions
Now we study the temperature variations of the order-parameters and the response functions to determine the types of the phase transitions. The existence and the behavior of the second-order phase transition temperatures, T N , i. e. Néel temperatures, and the first-order phase transition temperatures, T t , are studied in different phase regions. While the thermal variations of the sublattice magnetizations of layers are given as main figures, the thermal variations of the response functions are given as insets. We only illustrate the case with q = 6 due to the similarities with the cases for q = 3 and 4.
Thermal variations of the order-parameters and response functions of phase II, the AFM phase, are illustrated in figure 2a. As seen M 1A = M 2B = 1.5 and M 2A = M 1B = −1.5 at zero temperature as expected, but as the temperature increases they split very slowly. The sublattice magnetizations decrease as the temperature increases. Then, at the T N , M 1A and M 2A combine with M 1B and M 2B at different values of the layer magnetizations, respectively. The total susceptibilities and the specific heat present peaks at the T N as expected. Figure 2b shows the outcome of varying the temperature for phase III. As expected M 1A = M 1B and M 2B = −M 2A at zero temperature and as the temperature increases M 1A and M 1B separate slowly and as kT /J 1 increases further, they combine at the T N . Similarly, M 2A and M 2B decrease from above and below with the increase of kT /J 1 and they also combine at the same T N as M 1A and M 1B . Again, the response functions show that the peaks are located at the T N . Phase IV is the compensated phase with a big competition between H and J 3 , since H and J 3 < 0 favor FM and AFM phases, respectively. M 2A = M 2B = 1.5 and M 1A = M 1B = −1.5 at zero temperature as shown in figure 2c , and as the temperature increases they decrease and at the T t , M 1A = M 1B jump discontinuously from their negative values to the positive values (M 2A = M 2B do exactly the opposite). The response functions also present jump discontinuities at the T t . However, in figure 2d , instead of T t we have observed T N for the given system parameters. (this will be clear when we present the phase diagrams). As seen M 1A = M 1B and M 2A = M 2B at zero temperature and they go together respectively until the first T N1 at which they are separated. The separation of the sublattice magnetizations for each layer continue until a higher temperature T N2 is reached, with T N1 < T N2 , where they combine again. This behavior is only seen for q = 4 and 6 and which is the cause of the reentrant behavior of the T N -lines in the phase diagrams.
The response functions present two peaks at these temperatures T N1 and T N2 . Even if we did not present, we have also obtained two T N 's in small transition regions from AFM phases to FM phase IV as in figure 2f . In conclusion we have illustrated the thermal changes of the order-parameters and the response functions and explained how they are used to determine the nature of the phase transitions. Now we are ready to give all possible distinct types of the temperature dependent phase diagrams for q = 3, 4 and 6 in the next section.
The temperature dependent phase diagrams
In the light of the previous two sections, we now give some of the distinct phase diagrams of the model. In the phase diagrams the T N -lines, the lines of the second-order phase transition temperatures, are indicated with dotted, dashed and solid lines for q = 3, 4 and 6, respectively. Similarly, the arrows indicate the phase separation points according to the GS phase diagrams. The T t -lines are shown with chain lines. The temperature dependent phase diagrams are obtained on the ( The first four phase diagrams are obtained for H/qJ 1 = 1.0 according to the GS phase diagram figure 1a. Figure 3a is type A7 phase diagram. The T N -lines separate the ordered phases from the paramagnetic (P) phase. As seen, they are constant at higher negative values of J 3 /J 1 and which are at higher temperatures for higher q. As J 3 /J 1 increases the T N 's decrease and T N -lines present concavities for all q about J 3 /J 1 =0.0. As J 3 /J 1 increases further they become constant at some temperatures again. However, the T N 's of the left wings are higher than the right wings. Since J 2 < 0 and J 3 < 0 favor the AFM phase II but while J 2 < 0 favor AFM phase, J 3 > 0 favor FM phase, so phase II is more resistive to temperature than the phase V. The T N -lines do not terminate since both phases II and V are AFM type. The next one is presented in figure 3b and it is A8 type. Again the T N -lines have constant temperatures in the phase region II at higher negative values of J 3 /J 1 , but as J 3 /J 1 increases their temperatures increase continuously in the phase region III. As J 3 /J 1 is increased further the T N -lines go to zero sharply in passing from phase III to phase I. This happens at lower J 3 /J 1 for lower q. The T N -lines present a reentrant behavior for q = 4 and 6, due to the existence of two T N 's (see figure 2f) . The transitions take place smoothly, i. e., the T N -lines start from AFM phase II, then go to the surface FM phase III and then pass FM phase I with a little reentrant part and finally terminate in the P phase. Figure 3c consists of three phase diagrams, i. e. while the main figure is for J 3 /qJ 1 = 4.0 and type B1, the insets (i) and (ii) are for J 3 /qJ 1 = 1.0 and −4.0, and types B2 and B3, respectively. They are very similar to each other, that is, they start from higher temperatures at higher negative values of J 2 /J 1 for higher q, and as J 2 /J 1 increases their T N 's decrease linearly and close to zero temperature some of them make little curves and then they all go to zero temperature at the same value of J 2 /J 1 . The reentrant behavior is seen for q = 6 in B1 and for q = 4 and 6 in B2, but none was seen in B3. The final figure obtained from figure 1a is B4 type and is presented in figure 3d . The behaviors of the T N -lines are similar to the previous figure. But now we also see the existence of the T t -lines (see figure 2c ) which emerge from the T N -lines in phase region IV and increases with increasing J 2 /J 1 . Thus, the connection points of these lines are the critical end points. The reentrant behavior is again observed for q = 4 and 6. Figure 1b is used in our upcoming three phase diagrams. The phase diagram of type D9 is one of the most interesting and is illustrated in figure 3e. Phase IV is FM phase and we do not expect any T N 's when the layers are linked with H, but due to the competition between J 3 and H for J 1 /|J 2 | = 2.0 we actually observe T N 's (see figure 2f) . Thus, T N -lines start from higher constant temperatures for higher q at higher negative values of J 3 /|J 2 |. As J 3 /|J 2 | increases the T N -lines become the T t -lines (see figure 2c) . Thus, the connection points of these lines are the tricritical points. The temperatures of these T t -lines decrease up to the critical end points where they combine with the corresponding T N -lines for each q in the shape of half upward ellipsoid for each q. The combinations of the T N -and T t -lines are actually unstable since their free energies are higher in comparison with the half ellipsoidal ones. Note also that the T N -lines in the shape of half upward ellipsoids bind the phase III for each q. The reentrant behavior is also obvious in both of the legs of T N -lines for q = 4 and 6. The next phase diagram is to illustrate E5 and E6 types of phase transitions as seen in figure 3f. They are obtained for J 3 /q|J 2 | = 0.5 and −1.0 (see inset), respectively, and are very similar to each other. The T N -lines start from higher temperatures for higher q at J 1 /|J 2 | = 0.0, and as it increases their T N 's decrease and become constant at lower temperatures for higher J 1 /|J 2 |. The T N -lines always exist and separate the ordered phases from P phase.
Figures 3g and 3h are obtained according to the GS phase diagram figure 1c. The first one is C9 type, obtained for J 3 /qJ 1 = −4.0 and where all possible critical phenomena of this work were displayed as in figure 3e. Very short T N -lines are seen for very low values of H/J 1 . It is well-understood that the second-order transitions are expected at zero external magnetic field for the phase IV (FM phase), which is indeed the case. These T N -lines end and therefrom the T t -lines emerge for all q. Thus, tricritical points are observed. These T t -lines end at critical end points on the half upward ellipsoidal T N -lines as in figure 3e . The unstable part of the critical lines, i. e. the combinations of the T t -and T N -lines, separate the P phase from phase IV. The ellipsoid shaped T N -lines are lined up from lower to higher H/J 1 values with increasing q. Again the reentrant behavior is seen in both legs of these T N -lines for q = 4 and 6. The last one of this group is C10 type as seen in figure 3h . As usual the T N -lines start from higher temperatures for zero H/J 1 and as H/J 1 increases their T N 's decrease and they go to zero temperatures at lower H/J 1 for lower q. It is now quite obvious that the reentrant behavior exists for q = 4 and 6 again.
The last phase diagram of this work is obtained by using the GS phase diagram figure 1d and it is F9 type as shown in figure 3i. In this phase diagram in comparison with the type C9, the roles of J 1 and J 2 are exchanged. Again a few T N 's exist at zero and at about zero H/|J 2 | and so they make very small T N -lines for each q. From the ends of these T N -lines for each q, the T t -lines emerge. Thus, the tricritical points exist. The temperatures of these T t -lines decrease with increasing H/|J 2 | and they combine with their corresponding closed T N -lines at the critical end points. The closed T Nlines are much wider than our observed ellipsoidal ones. Again the reentrant behaviors are much clearer for q = 4 and 6. We should mention that we have obtained all possible phase diagrams of the model according to our classification scheme as explained in the first paragraph of this section, but we gave only some of the distinct types of the phase diagrams.
Summary and conclusions
In summary, we have considered spin-3/2 Ising model on two symmetrically placed Bethe lattices with the upper one having only FM and the lower one having only AFM interactions, each with a branching ratio of q Ising spins, and each are coupled via either FM or AFM interactions. The model is examined by using the recursion relations in a pairwise approach for the given coordination numbers q = 3, 4 and 6 with equal external magnetic fields linked to the layers. The phase diagrams are classified and obtained on different planes for the given system parameters by studying in detail the ground state (GS) phase diagrams and the thermal variations of the order parameters and the response functions, i. e. the susceptibility and the specific heat. We have found that the model presents both second-and first-order phase transitions, and where their lines are combined is the tricritical point. The critical end points, two T N -lines emerging from the end of the T t -lines, are also found to exist. The reentrant behavior is seen when the model presents two Néel temperatures for q = 4 and 6 only. Now we present a brief discussion of what we have found: (i) The same GS configurations are found with those of the FM/FM interactions for spin-3/2 model [8] , but with different GS phase diagrams. (ii) The first-order phase transitions are always seen for transitions from phase IV, i. e. compensated phase, to P phase, the paramagnetic phase, as shown in figures 3d, e, g and i. (iii) The tricritical points and critical end points are found here in contrast to the case with FM/FM interactions [8] . (iv) The reentrant behavior is only exhibited for transitions from phase III to phase I or IV for both q = 4 and 6 and is only seen for q = 6 for the phase transitions from phase V to phase I. The reentrant behavior was not observed for the FM/FM interactions with spin-3/2 model. Our final result is (v) The critical temperatures are seen at higher temperatures for higher coordination numbers.
We can also give some comparisons, at least, for the cases with spin-1/2 [22] and spin-1 [23] FM/AFM models; (i) With spin-1/2: No first-order phase transitions were exhibited, but the spin-3/2 model displays both the first-and second-order phase transitions. Therefore, the tricritical points and critical end points are also displayed. The reentrant behavior was only seen when q = 6 in the spin-1/2 case, but it was also seen for q = 4 in the spin-3/2 case. (ii) With spin-1: The first-order phase transitions are always exhibited for the transitions from phase IV to phase P for spin-3/2 model but they were not always exhibited for the spin-1 model. This is the only difference in comparison with the spin-1 case, so it is much less than our expectations. As a last word, the critical temperatures are seen at higher temperatures for higher spin values as expected.
Since this is the first theoretical study of this kind for spin-3/2 FM/AFM interactions on a two-layer lattice, we hope that other researchers will also get interested in considering the model using other techniques.
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